
ADA13 529 ON THEDISTRIBUTIN OF THESUDENTIZED'MAXIMUM OF
EQUALL CORRELATED NORM..U) PURDUE UNIV LAFAYTEI
DEPT OF STATIUTCS U S GUPTA ET AL AUG 83 TR-83-31

UNCASFIED N00475-CU0455 0/ 12/1

Ilmhh~h~E



H~llLlg
1L4 12. 25

3UI 6BII IIII 1.jjj1 1 1 4.0 11112.0

1.25 11111.4.

MICROCOPY RESOLUTION TEST CHART

NATI.NAL BUREAU OF STANDAROS 1963 A

4 "



ON THE DISTRIBUTION OF THE STUDENTIZED MAXIMUM
OF EQUALLY CORRELATED NORMAL RANDOM VARIABLES*

by

Shanti S. Gupta, S. Panchapakesan and Joong K. Sohn
Jniversity, Southern Illinois University and Purdue University

Technical Report #83-31

PURDUE UNIVERSITY

DEPARTMENT OF STATISTICS~~

Cl-

808 16 105



ON THE DISTRIBUTION OF THE STUDENTIZED MAXIMUM
OF EQUALLY CORRELATED NORMAL RANDOM VARIABLES*

by

Shanti S. Gupta, S. Panchapakesan and Joong K. Sohn
Purdue University, Southern Illinois University and Purdue University

Technical Report #83-31

Department of Statistics
Purdue University

August 1983

*This research was supported by the Office of Naval Research Contract

N00014-75-C-0455 at Purdue University. Reproduction in whole or in part
is permitted for any purpose of the United States Government.

4'



ON THE DISTRIBUTION OF THE STUDENTIZED MAXIMUM OF
EQUALLY CORRELATED NORMAL RANDOM VARIABLES*

by

Shanti S. Gupta, S. Panchapakesan and Joong K. Sohn
Purdue University, Southern Illinois University and Purdue University

ABSTRACT

Let X1 ... ,Xk have a joint k-variate normal distribution with zero

means, common unknown variance a2 and known correlation matrix (pij), where

pij = p for all i $ j. Let s2 be distributed independently of the Xi such
1 2 2

that vs 2 has a chi-squared distribution with v degrees of freedom. New

tables with wider coverage and more accuracy that the previously published
Xi

ones are given for the percentage points of Y = max -. Some basic
l<i<k s

theoretical results are given in Section 2. The next section describes

Hartley's results for approximating the distribution function of Y. Besides

a brief review of existing tables (Section 4), the paper discusses the

construction of new tables based on Hartley's results (Section 5) and some

specific applications (Section 6).
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1. INTRODUCTION

Let X .... IX have a joint k-variate normal distribution with zero

means, a common unknown variance a2 and a known correlation matrix

= (pij). Also, let s2 be a random variable independent of the Xi's

such that vs2/a 2 has a chi-square distribution with v degrees of freedom.

Then the joint distribution of t,t22 ..... tk 2 where t i = Xi/s, is a

(central) multivariate t distribution which has the density (see Cornish

[2] or Dunnett and Sobel (4])

v+k
(1.1) g(tIg .... tk) = A12r[(k+v)/2] Cl + 1 Z Zai tit]

(,.,) k/2r(v/2) V J

where A = (a) =-)

We are interested in the distribution of

max Xi
(1.2) Y = max ti =

Of course, the percentage points of the distribution of Y are the same as

the corresponding equi-percentage points of the k-variate t distribution

in (1.1). These percentage points are needed in several problems of

statistical inference such as tests for the multiple comparisons of means

(or mean vectors) against one-sided alternatives under a general analysis

*This research was supported by the Office of Naval Research Contract

N00014-75-C-0455 at Purdue University. Reproduction in whole or in part
is permitted for any purpose of the United States Government.
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of variance (or multivariate analysis of variance) model, simultaneous

confidence intervals for multiple comparisons between several treatment

means and a control mean, and selection and ranking procedures for selecting

the best population and for selecting populations that are better than a

control. So it is not surprising that several authors have provided tables

of the percentage points of the distribution of Y. These tables differ

with respect to the ranges of the various parameters, the accuracy of the

values, the probability levels chosen, and the numerical methods employed

in constructing these tables.

Besides providing new tables of these percentage points with wider

coverage and more accuracy, our emphasis in this paper is on Hartley's

method of approximating pr{Y y by a series in which the leading term

corresponds to the case of v W (a2 known) and the successive terms are

in powers of v-1. Hartley [11] obtained this as the solution of a certain

differential-difference equation. His method is found very useful; however,

no published tables of the percentage points of Y until now were based on

this method.

In this paper, we discuss some basic theoretical results (Section 2)

and Hartley's results with an additional correction term (Section 3). Besides

reviewing briefly the existing tables (Section 4), we discuss the construction

of the new tables (Section 5), and some specific applications (Section 6).

2. BASIC THEORETICAL RESULTS

In considering the distribution of Y we assume without loss of

generality that a = 1. Further, we only consider the case where pij = 0

for all i # j. In this case, it is well-known (Dunnett and Sobel [4]) that

the random variables X1,X2,... ,Xk can be generated from k+l independent standard

4
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normal variables ZO,Zl ... Zk by setting

k

(2.1) Xi - (l-p)2Z i - p2ZO , i = 1,...,k.

Using this representation, we can write the distribution function

Fk(w; ,) of W = max Xi in the form

(2.2) Fk(w; P) = D k[w 2 t] (t)dt

where y(.) and c(-) denote the density and the cdf of a standard normal

variate. By a similar argument, the distribution function Gk,.(y; p)

of Y is given by

(2.3) G ; f k[Y-u+ -t],(t)h (u)dt du(23 k,v( ) ]o
0- (l-p) '2

where h V(-) is the density function of s. In the sequel, unless the

context demands us to be more specific, we will simply write G (y) and

F(y) instead of Gk,V(y; p) and Fk(y; p), respectively. It is a well-known

fact that lim G (y) = F(y).
V-o

The moments of Y can be written as a product of two expectations.

Let Z[k] = max(Z l, ... Zk). For r <v,

(2.4) E[Yr ] = E[s-r]E[( /I_-p- Z[k] - Vp ZO)r]

[r/2] (r pJ( -
= A-r j!O (2j) 2Jj! _ akr-2j'

where [r/2] is the largest integer less than or equal to r/2, ak i is the

ith moment of the largest of k independent standard normal variables, and

r( ) ,-
(2.5) A6= E[s% = --.---- , 2 - V

2(2
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3. HARTLEY'S METHOD

Hartley [11] considers the statistic U = W/S, where W has a distribution

involving a scale parameter a, S is independent of W, and S 2/ 2 has a chi-

square distribution with v degrees of freedom. In our problem, W = max Xi

and S = - s. We have taken o = 1 without loss of generality. Thus

Y = / U. Let H denote the distribution function of U. It has been shown
V

by Hartley that

(3.1) u L H(u) = v[H+ 2 (u) - H M).

Hartley's method of solving the differential-difference equation (3.1) can

be described briefly as follows.

Regarding the degrees of freedom v as a continuous second variable taking

on positive values, we seek a function H(v,u) of two variables for which

(3.2) u H(v,u) _ V[H(v+2,u) - H(v,u)] = 0u

and

(3.3) lim H(v,u) = F(u).

Equation (3.2) is now converted into a partial differential equation by

expanding the finite difference in a Taylor series. Taking the expansion

with two more additional terms than Hartley did, we get
22 B -4 5H 4 6B=O

(3.4) [ H + 2H + a3H + 4H 4 H 4 R

where the arguments of H are u and v, and those of H are u and some mean

value between v and v+2. By introducing as new variables y = log u and

x = log v, the partial differential equation (3.4) is transformed into

iJ
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(3.5) - - 2 -L - 2e-Xa
2H +H A e- 2X 3H 2 H +

2 X 4~- 6 3H +i 21 6aH) +ay aa x ax axS axj a

2 e-4 65H H _ 6 2H aH

4 (x-5H 4H a2H- 0 x+ 35-x - 50 + 24 -) +
ax a ax ax

4-e 5x(a- 15 + 85 a 4R 225 aR +
4- ax ax ax- ax_

a 2A -274 -i - 120 -L)

ax2  ax

where the arguments of H are y and x, and those of H are y and some

mean value between x and log(ex + 2).

Hartley obtains an approximate solution to (3.5) for large and

moderate values of x with the help of an iterative process. When x - ,
H H 0t hc

the equation (3.5) tends to the limiting form -L - 2 -L 0 to whichay ax

Hartley obtains the solution Ho(x,y) = F(eY+!X). This provides the first

approximation. Expressed in terms of u and v, H0 depends on vu. This

means that, for large v,, G V(u) = H V(--11) is equal to F(u) to a first
V

approximation (which is independent of v). Successive closer approximations

are obtained by Hartley iteratively. His method of solving the non-homogeneous
H

partial differential equation -L - 2 a = (y,x) uses the theory ofay a

characteristics. For details of the steps from this point on, we refer to

Hartley's paper. We will just give here the results of Hartley for the

three correction terms involving v-  2 and v- 3 , and add a fourth term

involving v which is derived by carrying out one more iteration. The

details of derivation are not given here.

Let

4 . .l i ,
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m
(3.6) Gvm(Y) = F(y) + Li(y)

where Li is the ith correction term. Also, let F(J)(y) denote the jth
order derivative of F(y) w.r.t. y. Then the first four correction terms

can be written as

L (Y) 1 [(2) _ )

L :) - 1I [z (6)_7 9c(5) c 7(3 )  (2
6v

(3.7) L (Y) = + 17 (4) (3) +
6v-1 7

L4(Y) = 1 4 (15a(8) - 180a(7 )  830(6 )360v4

1848a(5 ) + 2015a (4) _ 900'(3) + 20c, (2) + 4(I)],
where

(J) = 1 ()(y)

0 (Y))

( )(y) = F(1)(y),

(y) - y2F(2)(y) + y F(l)(y),

(3)(y) = 3 F(3)(y ) + 3y2F(2)(y) + y F(1)(y),

( (y) = y4 F(4 (y) + 6y3F(3)(y) + 7y2F(2)(y) + y F()y),

(3.8) (5)(y) = y5F(5)(y) + iOy4F(4) (y) + 25y3F 3 (y) +

15y2F(2 )(y) + y F(l)(y),0(6)(y) y6 F(6) (y) + 15y5F(5)(y ) + 65y
4F(4) (y) +

90y3F(3)(y) + 31y 2F(2 )(y) + y FM (y),

4(7) (y)= y7F(7)(y) + 21y 6 F(6)(Y ) + 140y 5F(5)(y) +350y4F(4)(y) + 30ly 3F(3)(y) + 63y2 F(2 )(y) + y F(')(y),
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(8) (y) = y8F(8 )(y) + 28y7F(7)(y) + 266y6F(6)(y) +

(3.8 1050y5F(5)(y) + 1701y4F(4)(y) +
cont.) ( ) 2 ( ) (

966y3F 3 )(y) + 127y 2F(2 )(y) + y F((y).

The correction term L3(y) given without the details of derivation by

Hartley in terms of the (J) is found to be in error; stated in terms

of the J) his coefficient of 0.(3) is -22/3 instead of -17.

Now, it is easy to see that

(3.9) F(J)(y) = ' 3 Pk [t+y]H-(t)(t)dt,
p -- 1 -

where H.(t) is the Hermite polynomial in t of degree j. Thus the

evaluation of G Vm(y) in (3.6) involves the evaluation of the integral

in (3.9) for j = 0,1,..., 8.

Before we discuss the details of our numerical evaluation of the

percentage points of the distribution of Y by using the approximation

G Vm(y) to its distribution function GV(y), we will give a brief account

of the existing tables.

4. EXISTING TABLES: BRIEF ACCOUNT

As we noted earlier, several authors have discussed the distribution

of Y and have provided relevant tables. We give a brief description of

these tables.

Tables in the case of v = (i.e. the percentiles of W) have been

given by Bechhofer [1], Gupta [6], Gupta, Nagel and Panchapakesan [8],

and Milton [14]. Bechhofer's table gives several percentage points (ranging

from 5% to 99.95%) to four decimal places for k = 1(1)9 and p = 0.5.

Gupta [6] has tabulated the 75, 90, 95, 97.5, and 99 percentage points to

three decimal places for o = 0.5 and k = 1(1)50. Gupta [6] has also given

. .. .4. . . n i . . . . . . l m i . . I I , , . . - . . . .
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the values of Fk(w; p) to five decimal places for k = 1(1)12, w = -3.5(0.1)3.5

and seventeen selected values of p ranging from 0.1 to 0.9. The values of

Fk(w; p) have also been provided by Milton [14] to eight decimal places for

p = 0.5, k = 2(1)9(5)24, and w = 0.00(0.05)5.15. Finally, the table of

Gupta, Nagel and Panchapakesan [8] gives the 75, 90, 95, 97.5 and 99 percentage

points for k = 1(1)10(2)50 and the seventeen values of p chosen by Gupta

'6].

Percentage points of Y have been earlier tabulated by several authors.

Pillai and Ramachandran [15] have tabulated the 95 percent points to two

decimal places for p = 0, k = 1(1)8, and v = 3(1)10,12,14,15,16,18,20,24,30,

40,60,120 and =.

Dunnett and Sobel [4] have considered only the bivariate t (k=2) and

tabulated the percentage points (.hree decimal places) as well as the

values of Gk,v(y) (five decimal places) for P = ± 0.5 and

= 1(1)30(3)60(15)120,150,300,600,-. Their table of the values of

Gk,v(y) covers y = 0.00(0.25)2.50(0.50)10.00 and the percentage levels

chosen for the other table are 50, 75, 90, 95 and 99.

Dunnett [3] and Gupta and Sobel [9] have considered the case of

p = 0.5 and k > 2. Dunnett's table gives the 95 and 99 percent points

to two decimal places for k = 1(1)9 and v = 5(5)25 whereas in the

Gupta-Sobel table (correct to two decimal places) k = 2,5,10(1)16,18,20(5)

40,50; v = 15(1)20,24,30,36,40,48,60,80,100,120,360,- and the percentage

levels are 75, 90, 95, 97.5, 99, 99.75, 99.9, and 99.95. Dunnett's method

is to numerically evaluate G kV(y) for three successive values of y

differing by 0.1 such that the desired value of the probability level is

bracketed and then determine the percentage point by inverse interpolation.
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The Gupta-Sobel table is for the percentage points of r2 Y and they use zhe

Cornish-Fisher expansion with four adjustment terms.

Krishnaiah and Armitage [13] have tabulated the 95 and 99 percent

points for k = 1(1)10, v 5(1)35, and p = 0(0.1)0.9. They first evaluated

Gk, (y; P) in (2.3) for y = 0.1(0.20)6.1 for the different values of p, v,

and k using the 40-point Gauss-Hermite quadrature formula for the inner

integral and 48-point Gauss quadrature formula for the outer integral.

The required percentage points were then obtained by usirg cubic interpolation.

5. CONSTRUCTION OF THE NEW TABLE

The upper lOOa percent point of the distribution of Y is denoted

by y* = y*(i,k,v,P). Its numerical value is obtained as the solution of

(5.1) GVm(y) = l-.

The secant method was used to finda value of y such that

(5.2) IGV'm(Y)-l + a _ E

with E = 10-8. This value of y satisfying (5.2) is our solution y*.

Now, the numerical evaluation of G ,m(y) involves the evaluation of

the integrals F(J)(y) given by (3.9) for j = 0,1,..., 8. This was accomplished

by using one of two different methods, labeled Method 1 and Method 2,

depending on the value of p; the only exception is when v = - in which case

Method 2 was used for all the selected values of p. Method 1 evaluates

F(J)(y) using the 60-point Gauss-Hermitequadrature formula. We will denoce

this numerically evaluated quantity by F(J)(y). To describe Method 2, letting

(5.3) A = p (l-p) - , B (I-p) -

i .
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and changing the variable by the transformation u = At + By, we can write

(3.9) as

(5.4) F(J)(y) = fk(u)Hj(u-'),(-4B)(!-)j ' du.

The value of this integral is approximated by

(5.5) ) = 9A.By k u(ujy)(j d

-9j

and the integration was carried out by Gauss's method over intervals of

length D = 0.5 starting from -9 until 9A + 4B was included. Note that, for

convenience, the approximation for F(J)(y) is denoted by F(J)(y) for either

method. Whatever the method, F(J)(y) is evaluated as a sum of the form

FIJ)(t; y). While evaluating the terms of this sum, we used the IMSL

subroutine for the values of the standard normal cdf. If the exponent in

e was less than -50 [i.e., It I 10], the value of F( )(ti; y) was

taken to be zero because for the ranges of , and v in our table, the value

of the termwas not more than 10l- 0. Also, if the value of the standard

normal cdf involved in the expression was less than 10- 5, then for k - 8,

the value of F(J)(tA; y) was taken to be zero since the value was not more

than 1020 for all the , values of the table.

Now, Method 2 is more precise than Method 1; however, it is also

more expensive, the cost ratio being 6 to I in some extreme cases. In

order to decide on the method and the number of correction terms for the

range of selected values of p and v, some preliminary comparative studies

were made.

In the case of k = 19 and 0.01, we computed the percentage point

y* using both methods with m = 4 correction terms for v = 15 and 120.

The results were as follows.

. . . . . .. ... I " I I IlI Il I . , iiI . . . . . . . I IllI -II i " - I I Ill
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Table 1. Upper 1% point of the distribution of Y

k = 19, m = 4

v Method 1 Method 2

0.2 15 3.96044429 3.96044429
120 3.34250119 3.34250119

0.3 15 3.90335614 3.90335614
20 3.32690446 3.32690446

0.5 15 3.78170980 3.78170981
120 3.26561715 3.26561715

0.6 15 3.70147425 3.70147458
120 3.21375097 3.21375094

0.7 15 3.59638560 3.61431834
120 3.14096412 3.14096740

Based on this comparison, Method 1 was used for p 0.2(0.1)0.6, and

Method 2 for p = 0.7(0.1)0.9. In the same case (k = 19, c = 0.01), the

following table gives the percentage point y* for p 0.1 using both methods

with 4 correction terms.

Table 2. Upper 1% point of the distribution of Y

k = 19, m = 4, p = 0.1

v Method 1 Method 2

15 4.01116552 4.01119416
30 3.60648913 3.60658967
48 3.47577569 3.47577575
60 3.43358259 3.43358261

120 3.35129394 3.35129394

Based on this, it was decided to use, in the case of p = 0.1,Method 2

for v < 24 and Method 1 for v > 30.

To illustrate the difference between using three and four correction

terms, we give below the upper 1 percent point in the case of k = 17 and

p = 0.7 for v = 48, 60, and 120 using Method 2.
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Table 3. Upper 1% point of the distribution of Y

k = 17, p = 0.7

3 terms 4 terms

48 2.94535892 2.94537526
60 2.92086206 2.92086933

120 2.87288348 2.87288399

For a high value of p, three terms seem to be quite adequate for v > 60.

For small values of p, we used three terms for v = 120 and four terms for

other selected values of p which are all less than or equal to 60.

We summarize below the ranges of p, k, v, and a for which the percentage

points of Y are given in Table 4 along with information regarding the method

(i.e.,Methodlor 2) and the number of correction terms (m) used. In Table 4,

it should be noted that P* = l-a. The entries in the table are accurate to five

decimal places.

The coverage of Table 4

(i) p 0.1; k = 1(1)9(2)19; a = l-P* = 0.01,0.05,0.10,0.25

v Method m

15(1)20,24 2 4
30,36,48,60 1 4

120,_ 1 3

(ii) = 0.2(0.1)0.6; k = 1(1)9(2)19; -= l-P* = 0.01,0.05,0.10,0.25; Method 1

V m

15(1)20,24,30,36,48,60 4
120,M 3

(iii) = 0.7(0.1)0.9; k = 1(1)9(2)15; -l-P* 0.05,0.10; Method 2

v m

15,17,20,24,36 4
60,120,- 3

I
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6. APPLICATIONS

In this section we discuss briefly some specific applications illustra-

ting the use of the tables. These applications relate to selection procedures,

multiple comparisons, prediction intervals and tests of hypotheses.

6.1 Selection procedures

Let 7Tl .... tk be k independent normal populations with unknown

2
means 1l ..... k respectively, and commnon unknown variance o . Gupta

[5], [7] proposed a procedure RI for selecting a nonempty subset from the

k populations so that the population associated with the largest 1i is

included in the selected subset (this event is called a correct selection

(CS)) with a probability at least equal to P* (1/k < P* < 1). Let

Yi = Xi" i = 1,..., k, be the means of samples of size n from these populations.

The rule R is: Select "i if and only if Yi > max Y. - ds where s2 is the
1 l<j<k J

usual pooled estimator of a2 based on all the k samples such that vs2/0
2

h~s a X 2 distribution with v = k(n-l) degrees of freedom. The infimum of

2
PCS, the probability of a CS, occurs when pl " k for all values of 0:

Thus the value of d satisfying the probability requirement is given by

Gk.l'V(d/v; 1/2) = P*. Therefore, d = vr2y*(l-P*,k-l,k(n-l),0.5).

Suppose the above k populations represent experimental categories and

they are compared with a control population 70 which is N(10 ,o ) where p0

is unknown. Let Y0 = X0 be the mean of a sample of size m from 0. The

pooled estimator s2 is now based on v = k(n-l)+(m-l) degrees of freedom.

Gupta and Sobel [10] proposed a rule R2 for selecting a subset of the k

experimental populations such that all populations better than the control

(i.e. those for which ui > DO) are included in the selected subset with a

probability at least equal to P*. We propose a modified procedure Rk:
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Select i if and only if >i > 0 - Ds l + , where D > 0 is to be determined

to satisfy the probability requirement. It is easy to show that the infimum

of PCS is equal to Gk(D; p) where p = n/(n+m). This gives D = y*(l-P*,k,v,p).

6.2 Multiple comparisons between k treatment means and a control mean

The problem of the simultaneous one-sided comparisons of the means of

k treatments with that of a control group has been discussed by Dunnett

[3]. Let Xo,X l.... ,Rk be independent sample means based on m,n,...,n

independent observations from normal populations with unknown means

2 2
110,11 ..... uk respectively, and a common unknown variance a . Let s

be the usual pooled unbiased estimator of a based on v = k(n-l)+(m-l) degrees of

freedom such that vs2/a2 has a x2-distribution with v degrees of freedom. Then

a set of k exact one-sided (lower) lOOy% simultaneous confidence intervals

for the differences i-uO , i = 1,...,k, is given by

(Xi-X O ) - y*(l-y,k,v,p) s m , i =

where o = n/(n+m).

6.3 Prediction intervals to contain all of k future means

Let Yl .... %Yn be the n observations of a current sample from a normal

population with mean o and variance a2, both unknown. Let V be the sample
2 2

mean and s2 be the usual unbiased estimator of a on v = n-I degrees of

freedom. Let R,... ,Rk be the (unknown) sample means of k additional future

- 2independent samples each of size m. The Xi are independent of V and s . An

exact lower simultaneous 100y% prediction interval for the sample means

.. k is given by V - y*(l-y,k,v,p)s m T, where P m/(m+n).

I .. . . . ,~ ~~ n II I ..
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6.4 Test procedures for multiple comparisons

Krishnaiah [12] proposed test procedures for the multiple comparisons

of means (mean vectors) against one-sided alternatives under a general

analysis of variance (multivariate analysis of variance) model. Let us

consider k normal populations with unknown means "'l . and a common

2unknown variance , . Consider the problem of testing

Hi: ci = 0 simultaneously against the respective alternatives

K.: c 0, i = 1,..., q (q - k), where ' =
l -.. k

and the c are kxl vectors of known elements such that cic i = 1,

c' I = 0 for i = 1,...,q, and c!cj = 0 ( 0) for i j = 1,...,q. Here I
-1 - -1-_

denotes a column vector whose elements are unity. It is required that

q
pr{any Hi is rejected; f) Hi }

i=l

Let ?i, i = 1,...,k, the sample means based on n independent observations

from each population and let s2 denote the usual pooled unbiased estimator

of 7 on = k(n-l) degrees of freedom. Then, as a special case of the

procedure proposed by Krishnaiah [12], we use the procedure:

fin- c 'Z
Reject Hi (against Ki) if ti = s > t

where Z = (k . ) k) and t satisfying the error restriction is given

by t = y*(l-,,k,v,p).

ia

i4-" l l l - . .. . . .
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